We present the history of fourth order metric theories of gravitation from its beginning in 1918 until 1988.
Introduction
From the advent of the general relativity theory (GRT) in 1915 by Albert Einstein (1879 Einstein ( -1955 until today numerous geometrized theories of gravitation have been proposed.
Here, we shall review the history of a class of theories which is conceptually rather close to GRT:
-The gravitational field is described by a space-time metric only.
-The field equation follows from a Hamiltonian principle. The Lagrangian L is a quadratic scalar in die Riemannian curvature of the metric. (Note that L in GRT is linear in the curvature, i.e. proportional to the scalar curvature R.) -The constants appearing in this ansatz are adjusted such that the theory is compatible with experimentally established facts. Hence, the Lagrange 1 Reprint of the original paper which appeared in NTM-Schriftenr. Gesch. Naturw., Tech., Med. (Leipzig) 27 (1990) 1, pages 41-48; ISSN 0036-6978. The only difference in comparison with the original is that those text-parts which had been given only in German language, are now (in brackets just after the German text) translated into English. The fourth order metric theories of gravitation are a very natural modification of the GRT. Historically, they have been introduced as a specialization of Hermann Weyl's (1885-1955) nonintegrable relativity theory from 1918 [2] . Later on, just the fourth order theories became interesting and more and more physical motivations supported them: The fourth order terms can prevent the big bang singularity of GRT; the gravitational potential of a point mass is bounded in the linearized case; the inflationary cosmological model is a natural outcome of this theory. But all the arguments from classical physics were not so convincing as those from quantum physics: the quantization of matter fields with unquantized gravity background leads to a gravitational Lagrangian of the above form [3] . Moreover, fourth order theories turned out to be renormalizable at the one-loop quantum level [4] , but at the price of losing the unitarity of the S-matrix. (Note that Einstein's equation is not renormalizable.) These circumstances caused a boom of fourth order gravity (classical as well as quantum) in the seventies. We will stop our record of the history before this boom. We restrict ourselves to the purely metrical theories (i.e., the affinity is always presumed to be Levi -Civita) and want only to mention here that fourth order field equations following from a variational principle can be formulated in scalar-tensor theories, theories with 2 We apply the usual notations of tensor calculus and differential geometry. Particularly:
R ijkl = components of the curvature tensor of a Riemannian metric, R ij = components of the Ricci tensor = R independent affinity, and other theories alternative to GRT as well.
Papers inspired by Weyl's theory
In 1918, soon after Albert Einstein's proclamation of the GRT, Hermann Weyl proposed a new kind of geometry and a unified theory of gravitation and electromagnetism based on it. He dwelled on the matter in a series of papers [2, [5] [6] [7] [8] [9] [10] until it became superseded by the modern gauge field interpretation of electromagnetism [11 -13] . Note that the gauge concept together with the words "Eichung" (gauge) and "Eichinvarianz" (gauge invariance) came into use in theoretical physics through Weyl's ansatz. For a broader discussion and evaluation we refer to [14] . A. Einstein [15] pointed out that the nonintegrability of the lengths of vectors under Weyl-like parallel propagation contradicts to physical experience. His argument has been refuted not earlier than in 1973: Paul Adrien Maurice Dirac (1902 Dirac ( -1984 discusses the possibility of a varying gravitational constant. He writes:
"Such a variation would force one to modify Einstein's theory of gravitation. It is proposed that the modification should consist in the revival of Weyl's geometry, in which lengths are nonintegrable when carried around closed loops, the lack of integrability being connected with the electromagnetic field". [16, p. 403] H. Weyl's aesthetically very appealing modification of GRT unfortunately does not directly describe the real dynamics of fields and particles; however it deeply influenced the "dynamics of theories". By this we mean that various fundamental ideas have been formed or promoted by Weyl's papers:
-the search for alternatives to the GRT based on geometrization; -the unification of the interactions or forces of nature, beginning with gravity and electromagnetism; -field theories based on the geometry of an affine connection; -conformal geometry and conformally invariant field theories; -the gauge field idea, and -fourth order gravitational field equations.
Here we are interested just in the last item. Weyl required the Lagrangian to be a polynomial function of the curvature and to be conformally invariant. He states:
"Dies hat zur Folge, dass unsere Theorie wohl auf die Maxwellschen elektromagnetischen nicht aber auf die Einsteinschen Gravitationsgleichungen führt; an ihre Stelle treten Differentialgleichungen 4. Ordnung." [2, S. 477 ] (This has the consequence that our theory, though it leads to Maxwell's equations of electromagnetism, fails to lead to Einstein's gravitational equations; they are replaced by differential equations of fourth order.)
The ambiguity in the concrete choice of L appeared as a difficulty which is opposed to the spirit of unification: any linear combination of R 2 and A more detailed analysis of the theory was necessary then. Roland Weitzenböck [18] produced and studied all scalar invariants of the curvature in Weyl's geometry. Wolfgang Pauli jun. [19, 20] 
In other words, fourth order gravitational field equations following from (1) are not falsifiable by experimental physics! Pauli [20, 22] and other authors did not even consider the vector field (i.e. assumed it to be equal to zero) in Weyl's theory, thus making it unaffected by the criticism of nonintegrability [15] . Rudolf Bach [23] realized the possibility to keep the conformal invariance in a purely metrical theory: a Lagrangian
yields a conformally invariant field equation for the metric, later on called "Bach's equation". In a similar spirit and in the same year 1921, Albert Einstein [24] proposed a conformally invariant theory. His expressions suffer from being non-rational in the metric. This theory is sometimes cited but has never been studied in details. Reichenbächer [25, 17] proposed a variant of Weyl's theory based on a non-rational Lagrangian resembling nonlinear Born -Infeld electrodynamics.
In [26] , also L = R 2 is used to get a field-theoretical model for the electron, but the fourth order terms are lost by an error in the calculations. Cornel Lanczos (1893 Lanczos ( -1974 [27] tried a programme of "Electromagnetismus als natürliche Eigenschaft der Riemannschen Geometrie" (Electromagnetism as natural property of Riemannian geometry). He also assumed the vector field in Weyl's theory to be zero, but reintroduced it then in an alternative way as a set of Lagrangian multipliers. Unfortunately, Lanczos was, working with hyperbolic differential equations, misled by a formal analogy with elliptic differential equations. He varied the speculations with Lagrangian multipliers in a series of papers [28] [29] [30] [31] [32] [33] [34] . To take it positive, many useful mathematical formulas for fourth order theories resulted from Lanczos' work. Particularly, the paper [1] became a "citation classic".
In the twenties, the programme of classical field theory with its two cornerstones geometrization and unification lost some of its attractiveness in virtue of the quickly progressing quantum theory, cf. [35] . Moreover, there were the refutation of Weyl's theory and objections to fourth order equations. Lanczos expressed them as follows:
"Der Grund, weshalb diese Untersuchungen nicht weiter gediehen sind und zu keinem Fortschritt führten, lag an zwei Momenten. Einerseits war es entmutigend, dass man zumindest drei anscheinend gleichwertige Invarianten zur Verfügung hatte: On the one hand, it was discouraging, that one had at least three seemingly similar invariants: R 2 , R αβ R αβ , R αβγδ R αβγδ , without possessing any plausible principle of choice among them. On the other hand, these equations appear, as long as one does not understand their inner structure, as differential equations of fourth order for the g ik to be of such a complexity which makes them unsuited for drawing any further consequences from them.) Similarly, Bergmann argues in his text-book [36] that, first, fourth order equations admit too many solutions and, second, their Lagrangian is rather ambiguous.
This situation explains why only few papers on fourth order gravitation appeared in the period from the thirties to the sixties and why these did not follow the actual trends at their time. H. A. Buchdahl dealt with the subject in the period 1948-1980. In his papers he covered the following problems:
-Invariant-theoretical considerations continuing those of Weitzenböck and Lanczos [37] ; -General expressions for the variational derivatives of Lagrangians built from the curvature and, possibly, its derivatives are obtained [38] [39] [40] [41] [42] .
-Einstein spaces are solutions of a rather general class of fourth order equations [43, 44] ; -Static gravitational fields in fourth order theories [45] ; -Cosmological solutions in theories where the Lagrangian is a function of the scalar curvature [46, 47] ; -Conformal gravity [48] ; -Reinterpretation of some fourth order equations in five dimensions [49] .
Sir Arthur Stanley Eddington (1882 Eddington ( -1944 in 1921, see [50] , and Erwin Schrödinger (1887 Schrödinger ( -1961 in 1948, see [51] , also discussed gravitational field equations of fourth order to get field theoretical particle models, i.e., they tried to realize Einstein's particle programme.
A new view
Fourth order metric theories of gravitation have been discussed from 1918 up to now. One original motivation was the scale invariance of the action, a property which does not hold in GRT. Another motivation was the search for a unification of gravity with electromagnetism, which is only partially achieved with the Einstein-Maxwell system. There was no experimental fact contradicting GRT which could give motives for replacing it by a more complicated theory.
But a lot of problems appeared:
1. The Lagrangian became ambiguous in sharp contrast to the required unification.
2. The higher order of the field equation brought 2.1. mathematical problems in the search for solutions and 2.2. physical problems for the interpretation of the additional degrees of freedom.
3. The well-founded Newtonian theory of gravitation did not result as the weak-field limit of scale invariant fourth order gravity.
The third problem was the last of these to be realized but the first to be solved, both in 1947: One has to break the scale invariance of the theory by adding the Einstein-Hilbert action to the purely quadratic Lagrangian. Then, up to an exponentially small term, the correct Newtonian limit appears [52] . The original scale invariant theory then, again emerges as the high-energy limit of that sum. The items 1., 2. and the absence of experimental facts contradicting GRT seemed to restrain die research on these theories already in the twenties. Only in 1966 a renewed interest in these theories arose in connection with a semiclassical description of quantum gravity [53] [54] [55] . The coefficient of the quadratic term became calculable by a renormalization procedure, thus solving problem 1, at least concerning the vacuum equation. Further, the fact that fourth order gravity is one-loop renormalizable in contrast to GRT; a fact which was realized in 1977, [4] initiated a boom of research. It is interesting to observe that it is just the scale invariance of the curvature squared terms -the original motivation -which is the reason for the renormalizability. Also the latest fundamental theory -the superstring theory -gives in the field theoretical limit (besides other terms) just a curvature-squared contribution to the action [56, 57] . The use of modern mathematics and computers has led to a lot of results to clarify the structure of the space of solutions thus solving problem 2.1. in the eighties. The more profound problem 2.2 has now three kinds of answers: a) In spite of the higher order of the differential equation, a prescribed matter distribution plus the O(1/r)-behaviour of the gravitational potential suffice -such as it takes place in Newtonian theory -to determine the gravitational potential for isolated bodies in a unique way for the weak-field slow-motion limit, [52, 53] b) the observation that the additional degrees of freedom are just the phases of damped oscillations which become undetectably small during the cosmic evolution, and, by the way, can solve the missing mass problem and prevent the singularity problem of GRT [58] , and c) it is supposed that there exist massive gravitons besides the usual massless gravitons known from GRT, but they are very weakly coupled [59] .
The last point to be mentioned is the experimental testability: In the recent three years many efforts have been made to increase the accuracy in determining the constants G, α and l if the gravitational potential is assumed (also in other theories than fourth order gravity) to be Gmr −1 (1 + αe −r/l ) .
The term proportional to α, the "fifth force", can be interpreted as the fourth order correction to GRT. Up to now, it has not been possible to exclude α = 0 by experiments [60] [61] [62] . Finally, let us say: Fourth order gravity theories will remain an essential link between GRT and quantum gravity for a long time.
